Advanced photonic quantum technology relies on multi-photon interference which requires bright sources of high-purity single photons. Here, we implement a novel domain-engineering technique for tailoring the nonlinearity of a parametric down-conversion crystal. We create pairs of independentlyheralded telecom-wavelength photons and achieve high heralding, brightness and spectral purities without filtering.
A wide range of single-photon emitters are under development, typically classed into single-quantum emitters such as quantum dots [15] and parametric optical processes. The quality of photons and brightness of quantum dot sources is ever increasing, however in many cases parametric downconversion (PDC) in nonlinear crystals still provides a simpler, higher-quality solution especially at telecommunication wavelengths. Importantly, despite its probabilistic nature, PDC sources can approximate deterministic on-demand operation in multiplexed schemes [16] [17] [18] [19] with small overheads.
A central requirement for producing high purity heralded photons via PDC is to remove the spectral correlations that naturally arise due to energy conservation: typically, narrowband filters are employed for this purpose at the expense of brightness and heralding efficiency of the source. This problem can be overcome with a technique known under the umbrella of 'group-velocity matching' [20] [21] [22] , which involves three separate steps: (i) the averaged PDC photons' group velocities need to be matched to the pump group velocity; (ii) the pump bandwidth needs to match the PDC bandwidth; (iii) the longitudinal nonlinearity profile of the PDC crystal needs to be Gaussian in order to avoid spurious correlations arising from the sinc-shaped phase matching function (PMF) produced by a standard rectangular crystal nonlinearity [23] (see fig. 1 ).
Techniques for shaping the effective nonlinearity of poled crystals had long been in use for classical nonlinear op- Figure 1 . Simulated JSA (top) and field amplitude (bottom) along the crystal for the ppKTP (a) and aKTP (b) pumped with a 1.7 ps-sech 2 pulse. The amplitude at the end of the crystal (x=L) corresponds to the PMF, sinc-shaped for the standard crystal and Gaussian for the apodized one. The ∆k dependence on the signal-idler frequencies in the PMF is based on Sellmeier equations reported in [30] [31] [32] . The heralded-photon spectral purity is computed by performing a numerical Schmidt decomposition on the discretised JSA [33] .
tics but have only recently been investigated for the creation of spectrally pure photons [23] [24] [25] [26] [27] . Previous proofof-principle demonstrations verified that domain-engineered Gaussian-profile crystals could indeed be used to create photons with approximated Gaussian spectra [23, 24, 28] , and such 'apodized' crystals have already found applications in significant experiments such as a loophole-free Bell test [29] . However, a demonstration of two-photon interference of independently created photons in fully group-velocity matched sources has so far been elusive.
Here we present a single-photon source that achieves both high signal-idler indistinguishability and high heralded single-photon spectral purity at the same time, without employing narrowband spectral filtering. We show for the first time that shaping the nonlinearity of a crystal via domainengineering techniques allows to achieve high visibilities in interference experiments between heralded photons created in two independent PDC processes without the need of additional filtering.
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2 We first consider the first-order PDC bi-photon state:
where s (i) denotes the signal (idler) photon. The joint spectral amplitude (JSA) f (ω s , ω i ), which fully contains the spectral information of the PDC photons, depends on the spectral properties of the pump and the phase-matching function (PMF) [20] , which, in turn, reflects the nonlinear properties of the crystal. In a heralded single-photon source, where the detection of one photon heralds the presence of another, the spectral purity of the single photon decreases as the spectral correlations between the signal and idler increase [21] . The JSA therefore has to be separable in order to generate pure photons. This can be achieved by matching the group-velocity of the pump to the average group velocity of signal and idler [20] [21] [22] , however most experiments still required narrowband (and thus lossy) filtering to remove correlations resulting from rectangular nonlinearity profiles of standard crystals.
The purity and indistinguishability of single photons produced via PDC processes can be determined from the JSA. The JSA is not easily accessible, but one can extract some information from measuring the joint spectral intensity (JSI), e.g. with a pair of standard grating spectrometers in coincidence, or more elegantly with dispersion spectroscopy [28, 34, 35] , or via stimulated emission tomography [36, 37] .
However, the utility of these measurements is somewhat limited. Dispersion spectroscopy in long optical fibres shows a significant trade-off between wavelength range, spectral resolution and signal-to-noise ratio due to fibre losses. Recent demonstrations (e.g. [28, 35] ) focus on the main lobe of the JSI in return for increased spectral resolution, ignoring the significant correlations in the side lobes of the PMF, which have to be taken into account for a reliable purity estimation. To illustrate this for the standard ppKTP in fig.  1 , restricting the JSA to just one fifth of the range we used in our simulation (i.e. focusing on the main peak, such as in [28, 35] ) would increase the apparent purity calculated via a discretized Schmidt decomposition [38] from 80.9 % to 93.2 %. Furthermore, the JSI doesn't capture the phase information in the JSA, leading to discrepancies between the inferred and the actual single photon purity. Performing the Schmidt decomposition on the square root of the JSI instead of the JSA for same crystal yields a spectral purity of 83.9 % instead of 80.9 %. While the first problem can be overcome using stimulated emission tomography, the second one is intrinsic to the measurement of the JSI.
Therefore, a more reasonable benchmark for the singlephoton purity and indistinguishability is direct observation via two-photon interference. Two-photon interference between photons produced by the same PDC process gives an estimate of signal-idler indistinguishability [39] . More importantly, the two-photon interference between heralded photons corresponds to the single-photon purity [40] , where the visibility is defined as the free parameter in the dip fit or, equivalently, as (N max − N min )/N max (where N max (N min ) is the maximum (minimum) number of fourfold coincidences).
In order to generate pure photons without compromising the heralding of the source, we design an apodized potassium titanyl phosphate (aKTP) crystal using the domainengineering annealing-algorithm introduced in [27] and we compare its performances with a standard periodicallypoled KTP (ppKTP). Starting from a seed poling period of 46.22 µm, our algorithm chooses each ferroelectric domain's orientation and width in order to shape the overall crystal PMF as a Gaussian function ( fig. 1 (b) ). The custom crystal was manufactured by Raicol Crystals Ltd. KTP crystals are perfectly group-velocity matched for degenerate/collinear type-II PDC with a pump pulse having a Gaussian envelope at a wavelength of 791 nm [21] .
In fig. 1 we compare the simulated JSAs under our experimental conditions for the aKTP and ppKTP. Taking into account that our pump laser operates at 775 nm, and that a realistic mode-locked laser pulse has a sech 2 shape, the maximum achievable purity decreases from 98.1 % to 97.0 %. The aKTP crystal length is 29 mm while the pp-KTP is 22 mm long, so that the corresponding PMF fullwidth half-maximum (FWHM) of both crystals is matched to a sech 2 transform-limited pulse of 1.4 ps duration, where we define the pulse duration as the FWHM of the pulse's intensity envelope. However, our laser isn't stable below 1.7 ps (measured with an autocorrelator), and the resulting JSA is slightly elliptical. Under these conditions, we estimate single-photon purities of 80.9 % and 95.5 % for the standard and engineered crystals, respectively. These values upper-bound the experimentally achievable two-photon interference visibilities for independently heralded photons.
A description of our experiment is shown in fig. 2 . The pump provided by a 80 MHz repetition rate Ti-Sapphire laser first passes through a short-pass filter to suppress any pump superluminescence at telecom band, a Glan-Taylor to ensure the correct polarisation, and then focused in the crystal. A dichroic mirror separates the pump from the 1550 nm signal and idler, that are successively separated with a PBS, filtered with a long-pass filter for removing any residual from the pump, collected in single-mode fibres and are used in three different setups 2 (a-c). The photons are finally detected by superconductive nanowire single-photon detectors (SNSPDs). We measure a source brightness of (11.25 ± 0.08) × 10 3 cc/mW and (4.02 ± 0.04) × 10 3 cc/mW for the ppKTP and the aKTP, respectively, and a fourfold rate for two independent sources of (1.52 ± 0.02) cc/mW 2 and (0.19 ± 0.01) cc/mW 2 . Considering both the singles counts detected by the SNSPDs (s 1 and s 2 ) and the corresponding coincidences (cc) recorded by our counting logic within a 1 ns time window, we estimate a symmetric heralding efficiency, defined as η = cc/( √ s 1 s 2 ), of 53 % in the configuration used for the experiment. In this configuration, we achieve a two-photon indistinguishability of (98.7 ± 0.3) % and a heralded-photon spectral-purity of (90.7 ± 0.2) % with- out any spectral filtering. We also find that a heralding efficiency up to 65 % can be achieved with the same crystals under loose focusing conditions [29] , at the expense of brightness: this corresponds to a collection efficiency of 88.5 % once detector efficiency (80 %) and known optical losses of (7.6 %) are accounted for.
In (1) we considered the spectral properties of the PDC source neglecting higher-order photon-pair emissions. If we omit the spectral contribution to the global state and we look at the system in the Fock space, the PDC state can be written as:
where n is the photon-number. The parameter λ is related to the brightness of the source [16, 41] and can be expressed as a function of the pump power P and of the constant τ , determined by the overall efficiency of the nonlinear process, the detection efficiency and losses in the setup: λ = √ P τ . Since perfect two-photon interference occurs when two and only two identical photons enter the 50-50 BS, all terms proportional to |n > 1 s |n > 1 i in eq. (2) compromise the interference visibility. In the limit of low pump-power, the two-photon visibility decreases linearly with increasing pump power (see appendix A), and we can extrapolate a visibility V 0 from a range of measurements at different pump power (i.e for a range of λ → 0). V 0 constitutes a lower bound for the indistinguishability (in the case of signal-idler interference) and single-photon spectral purity (in the case of two interfering heralded photons).
As a first characterisation of our source, we estimate the signal-idler indistinguishability by interfering photons produced by the same PDC processes (see fig.2 (a) ) at different pump powers. Fig. 3 (a) shows two-photon interference patterns for the ppKTP and the aKTP at low pump power (20 mW) without spectral filtering, apart from a long-pass filter at 1319 nm to block residual pump light. Being in symmetric GVM condition, the two-photon interference pattern can be approximated by the convolution of the phase matching function [42] : as expected, the two-photon interference pattern is almost triangular for the standard crystal [43] , while it is Gaussian for the custom design [23] . We find a signal-idler indistinguishability V 0 of (99.7 ± 0.1) % for the periodically-poled crystal and (98.7 ± 0.3) % for the apodized crystal which is, to our knowledge, the highest recorded so far with an apodized crystal.
Since purity is quadratic in the density matrix, multiple copies of the same system are required for measuring it. For a PDC photon, that means ideally two photons generated in the same crystal but separated in time. In our setup ( fig.2  (b) ), this translates into sending the first heralded-photon (generated by the first pump pulse) in a fibre delay line and the second one (generated by the fifth pump pulse) into a shorter fibre, and the two photons are then superposed on a fibre beamsplitter. This process has a success probability of 1/4, and the pulse delay was chosen to exceed the SNSPD reset time of about 60 ns. The two interfering photons are heralded by their respective twins, and fourfold coincidences are recorded. We measure a V 0 of (79.6 ± 0.1) % for the standard ppKTP which matches theory expectations (see figure  1) , and we achieve a V 0 of (90.7 ± 0.2) % with the apodized crystals, see fig. 3 (b) .
To show how our technique is feasible for multi-photon experiments, we then interfere and detect photons produced by two different aKTP crystals ( figure 2 (c) ). We also detect the idler photons and collect the overall number of fourfold coincidences from the four SNSPDs. In this configuration, we measure a V 0 of (89.7 ± 0.2) % ( fig. 3 (b) ).
In order to increase indistinguishability and spectral purity of the photons produced with the aKTP, we apply a "gentle" spectral filtering. We use a bandpass filter with a spectral transmission function of the form: e
, a central wavelength ω 0 =1550 nm and a FWHM of 7.4 nm, which is roughly five times larger than our PDC photons bandwidth (defined as the FWHM of the marginal spectral distributions of both the idler and the signal). Such loose filtering doesn't effect sensibly the source heralding efficiency-we measure a decrease of 1 %-and in this configuration we achieve a heralded-photon purity of (92.7 ± 0.2) % and a signal-idler indistinguishability of (99.7 ± 0.3) %, as shown in blue in fig.  3 (a): this value is close to the maximum visibility we can achieve (99.8 %) due to the imperfect fibre BS (reflectivity of 49.2 %) and bulk PBS (0.5 % leakage of the opposite polarised photon). A similar situation has been observed in PDC photons produced by different aKTPs [28] , where the authors measured an increase of the photons indistinguishability by applying gentle filtering.
Finally, we experimentally prove that nonlinearityengineering techniques are suitable for generating polarisation-encoded entanglement by using the apodized crystal in a interferometric scheme, such as the Sagnac source originally proposed in [44] . We achieve two-photon polarisation purity ((97.4 ± 0.1) %) and concurrence ((97.3 ± 0.1) %) comparable with what we get with the standard ppKTP.
The V 0 corresponding to the apodized crystals shown in fig. 3 (a) are definitely higher than the ones corresponding to the standard KTPs: however, they are still not as high as the purity expected from the simulation shown in fig. 1 due to experimental imperfections. The fibre BS has a reflectivity (transmissivity) 49.2% (50.8%), and the PBS leaks 0.5% of opposite polarised photons. This decreases the visibility by approximately 0.2% for independent photon sources. We also quantify the random duty-cycle errors that may occur during the fabrication process [45, 46] by performing a Monte Carlo simulation, as an analytical treatment for crystals with strongly aperiodic poling is not straightforward [47] . We randomly vary each domain's width according to a Gaussian distribution with 1 µm FWHM and for each instance compute the JSA and corresponding photon purity. We find a degradation of the mean single-photon purity of about 0.3%, with a final value of P =(95.2 ± 0.2) %. A further degradation is expected due to spatial wavefront distortion due to the significant length of the custom crystals. Finally, the imperfect indistinguishability of the signal-idler photons, and its increase under gentle filtering suggests the presence of spectral noise in the PDC generation at large ∆k −∆k 0 values, which is not present in the standard ppKTP (where the two-photon indistinguishability is nearly perfect). A more detailed treatment of noise arising in domain-engineered crystals is beyond the scope of this paper and will be addressed separately [48] .
To conclude we assess in fig. 4 how filtering periodicallypoled and apodized crystals affect the heralding efficiency and the single-photon purity of a PDC photon source. The normalized heralding represents the maximum heralding achievable by the source, ruling out losses, detection and collection efficiency, while the x axis is the ratio between the filter bandwidth and the single-photon bandwidth. Note that, while the experimental data corresponds to our setup, the simulated heralding and purities hold in general for ppKTP/aKTP crystals of any length when group velocity matched with a sech 2 pulse. The figure shows the significant trade-off between spectral purity and heralding efficiency in the ppKTP case. For example, a ppKTP can produce single photons with 99 % purity when a filter having twice the bandwidth of the PDC photons is applied to both signal and idler. However, even in the case of an ideal filter with 100 % peak transmission, this would lead to a heralding efficiency of 80 %, and to a drop of the source brightness to 60 % of the original pair generation, which consequently translates into a drop of the fourfold and sixfolds events to 36 % and 22 %, respectively. It is then clear that achieving high single-photon purities and, at the same time, maintaining high heralding efficiencies and count rates (especially in many photon experiments), requires efforts that go beyond the mere spectral filtering, and our crystal engineering technique is a suitable solution to this problem. Heralding efficiencies and purities for the ppKTP (blue) and the aKTP (red) under spectral filtering. The lightblue and light-red data points correspond to the ppKTP and aKTP with gentle filtering, while the dark grey stars are simulation for three commercially available narrowband filters (from left to right: Iridian Spectral Technologies Ltd., Alluxa, Omega Optical Inc.) applied to ppKTP crystal. The dot-dashed grey line shows the simulated purity for a crystal designed with the optimal algorithm described in [27] .
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In this configuration we don't have the subscripts 1 and 2 as in (7) and (8) because it's impossible to distinguish the arrival time of the photons at the BS.
Visibility up to the fifth PDC order
We can finally find the two-photon interference visibility as a function of λ up to a given PDC order. We calculate p out cc (λ) according to the bullet points in the "Outside the dip" section , starting from the state in (7) (or in (8) ) and computing the corresponding probabilities. We also calculate p in cc (λ) by computing the coincidence probabilities corresponding to the state in (9) (or in (10)). We can therefore plug these values in (4) in order to calculate V (λ).
As an example, we show here the two-photon interference visibility up to the fifth order of the PDC state for the case of signal-idler interference (see fig. 5 (a) ) and heralded-photons interference (see fig. 5 (b) ). Truncating to the fifth order of the PDC state is enough for a reliable estimation of V (λ) in the chosen λ range, as the difference of the visibility when we expand the PDC state up to the fourth and the fifth order is less than 0.02 % . In both the signal-idler interference and the heralded-photons interference, the visibility decreases approximately linearly as the power increases (at low λ values). 
